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Abstract
The expression of the impact parameter, in the analysis for classical and semiclassical scatter-
ing cross sections for black holes, is obtained with nonlinear electrodynamics (NLED) while the
absorption section is studied with the sinc approximation in the eikonal limit considering NLED.
As an illustration we calculate the classical and semiclassical scattering as well as the absorption
sections for three black holes under NLED, the magnetic Bardeen and Bronnikov black holes and
the regular Euler-Heisenberg black hole. All are compared with the sections of their linear elec-
tromagnetic counterpart, the Reissner-Nordstro¨m (RN) black hole. The comparison shows how
NLED affects the sections as well as the variation with respect to the Reissner-Nordstro¨m sections,
in some cases these variations are small.
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I. INTRODUCTION
In general relativity (GR) the black holes (BH) are objects of much study because they
are simple objects that can be described by their mass, angular momentum and charge
[1]. Also its physical implications, as they behave like thermodynamic systems possessing
temperature and entropy. Another important implication is the presence of singularities in
the BH spacetime.
A way to study the physics of BH is to analyse test fields around them. For example
an important aspect of BHs is to study the absorption and scattering of matter and fields
around them, because the dynamics of a BH can be explored as stability and gravitational
wave emission. In that sense analyzing the scattering and absorption sections is important,
this has been studied in many BH scenarios. [2] [3] [4].
For the classical approximation of the scattering is possible to consider a stream of par-
allel null geodesics coming from infinity with an critical impact parameter [5]. Also, the
semiclassical glory approximation [6] could be used because this considers the interference
that occurs between scattered partial waves with different angular momenta.
Another important aspect to study is when the test field is absorbed by the BH. The
absorption cross section can be used when the low-frequency limit of a massless neutral scalar
field is equal to the area of the horizon [7]. In the high-frequency limit (sinc approximation)
the absorption cross section is proportional to the sum of the called geometric cross section
and oscillatory part of the absorption cross section [8].
In the eikonal limit, the absorption cross section can be written in terms of the parameters
of the unstable null circular orbits as the angular velocity and the Lyapunov exponent.
In the presence of nonlinear electrodynamics field (NLED), the behavior of photons and
massless test particles are not the same. The photons do propagate along null geodesics
of an effective geometry that depends on the nonlinear theory. Then, the electromagnetic
fields modify the trajectories of the null geodesics [9]. The above would imply that in the
aforementioned limits there would be modifications of the absorption and dispersion sections.
In [10] the quasinormal modes of black holes were studied with nonlinear electrodynamics in
the eikonal approximation and the way the effective metric modifies the equation of motion
for a test particle in the static spherically symmetric (SSS) space time and expressions the
Lyapunov exponent.
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For example, in [11], it was studied QNM modes and absorption cross sections of Born-
Infeld-de Sitter black holes via the sinc approximation, considering the effects of (NLED).
The proposal of the paper focuses on studying how the effects of nonlinear electrodynam-
ics modify the classical and semi-classical scattering section as well as the adsorption section
in the sinc approximation. The black holes of Bardeen, Bronnikov and Euler-Heisenberg are
considered as examples because they are black holes in non-linear electrodynamics and they
are compared with Reissner-Nordstrom (RN) black hole that is the linear counterpart of
nonlinear electromagnetic black holes.
The paper is organized as follows. In Sec. II, a summary of the nonlinear electrodynamics
and the effective metric is presented. In III, the expressions for the classical and semiclassical
scattering sections in terms of the effective metric are presented. In Sect. IV, we describe
how the adsorption section can be obtained by sinc approximation and considering the effects
of NLED. The scattering and absorption sections of some black holes in NLED are compared
with the sections of Reissner-Nordstro¨m in the Section V. Finally, the conclusions are given
in the last section.
II. EFFECTIVE METRIC
The action for gravitation coupled to a nonlinear electromagnetic (NLED) field is given
by
S =
1
16pi
∫
d4x
√−g[R− L(F,G)], (1)
where R is the scalar curvature and L is an arbitrary function of the electromagnetic invariant
F = F µνFµν , with Fµν = ∂µAν − ∂νAµ being the electromagnetic field tensor. In this work
we consider solutions with only electric or magnetic charge, although the most general action
can depend on both charges (see [12]).
When considering a statical spherically symmetric metric;
ds2 = f(r)dt2 − 1
f(r)
dr2 − r2dΩ2, (2)
dΩ2 = dΘ2 + sin2Θdφ2, the two nonzero components of the electromagnetic tensor are:
r2LFF
10 = qe, F23 = qm sin Θ, (3)
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where qe and qm are the electric and magnetic charges.
The photons propagate along null geodesics of an effective geometry which depends on
the nonlinear theory [13], that is, the background metric gµν is replaced by an effective
metric γµν
eff
;
γµν = LF g
µν − 4LFFF µαF αν (4)
The calculation of the effective metric components γµν
eff
of the SSS spacetime were obtained
in [10] for the case of a static spacetime;
ds2eff = (LFGm)
−1
{
GmG
−1
e
(
f(r)dt2 − 1
f(r)
dr2
)
− r2dΩ2
}
. (5)
Gm and Ge, the magnetic and electric factors that make the difference between the linear
and nonlinear electromagnetism, are given by
Gm =
(
1 + 4LFF
q2m
LF r4
)
, Ge =
(
1− 4LFF q
2
e
L3F r
4
)
; (6)
The subindex F means the first or second derivative with respect to F and in the linear limit
become equal to one.
III. SCATTERING SECTION
To investigate the scattering it’s necessary to find the scattering cross section, a procedure
used is the study of geodesics for the classical approximation. The geodesic analysis is
important because at very high frequencies the wave propagates along null geodesics [14].
The motion of the null geodesic is described by the following Lagrangian density:
L =
1
2
γµν
eff
S,µS,ν = 0. (7)
We restrict the geodesic motion to the plane Θ = pi/2. The energy E = ∂L
∂t˙
(the overdot
denotes differentiation with respect to an affine parameter ) and the angular momentum
L = ∂L
∂φ˙
of a test particle are conserved quantities,
GmG
−1
e f(r)t˙ = E = const, r
2φ˙ = L = const. (8)
From equation (7) and the line element (5) we can obtain for null geodesics;
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(
du
dφ
)2
=
(
Ge
Gm
)2(
1
b2
− u2f(1/u)Gm
Ge
)
. (9)
where u = 1/r and b = L/E is the impact parameter in terms of the constants of motion.
Now differentiation with respect to φ, yields;
d2u
dφ2
=
Ge
Gm
d
du
(
1
b2
− u2f(1/u)Gm
Ge
)
+
(
Ge
Gm
)2(
−2uf(1/u)Gm
Ge
−u2 df(1/u)
du
Gm
Ge
− u2f(1/u) d
du
Gm
Ge
)
. (10)
By solving the last equations (9) and (10), the impact parameter from the critical orbits
is obtained, i.e we consider the smallest positive root uc of (9) and substituting its value
in (10) the impact parameter bc is obtained. For any b > bc there is no scattering, so the
frontier conditions used while solving (9) and (10) must consider this information.
The deflection angle is given by;
θ(b) = 2α(b)− pi (11)
where
α =
∫ u0
0
du
Gm
Ge
(
1
b2
− u2f(1/u)Gm
Ge
)−1/2
, (12)
which is obtained from the integration of (9) where u0 is the turning point (u0 = 1/r0).
Finally with the impact parameter b(θ), associated with a scattering angle θ, the scatter-
ing section is given by;
dσ
dΩ
=
1
sin θ
∑
b(θ)|db(θ)
dθ
| (13)
.
Another procedure to investigate the scattering cross section, is the semiclassical approach
(Glory scattering) [6] where the geodesics can be seen as waves. This captures the waves
interference for low angles.
For Glory scattering, the cross section by spherically symmetric Black Holes is given by;
dσg
dΩ
= 2piωb2g
∣∣∣∣dbdθ
∣∣∣∣
θ=pi
J22s(ωbg sin θ) (14)
with ω as the wave frequency. J22s(x) stands for the Bessel function of first kind of order
2s where s represents the spin, s = 0 for scalar waves. The impact parameter of the reflected
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waves (θ ∼ pi) is denoted by bg where b is the impact parameter (11). As a semiclassical
approximation, it is valid for Mω ≫ 1 (M the mass of the BH)
IV. ABSORPTION SECTION
In the case of mid-to-high frequencies the sinc approximation can be used to analyze the
absorption cross section as in [15], where the high-energy absorption cross section is studied
in the eikonal regime, from the characteristics of the null unstable geodesics.
Then the absorption cross section in the eikonal limit is defined by ;
σabs = pib
2
c − 4pi
λb2c
ω
e−piλbc sin(2piωbc) (15)
where λ is the Lyapunov exponent and bc is the critical impact parameter.
As discussed in [10] the exponent is modified for the effective metric (5) in the (NLED)
as:
λ2 =
fcr
2
c
2
[
fc
r2c
Gm
Ge
(
Ge
Gm
)′′
c
−
(
f
r2
)′′
c
]
, (16)
In circular unstable orbits, the impact parameter, when subjected to NLED is given by;
bc =
√
Ge
Gm
r2c
f(r)c
, (17)
in this limit the quasinormal modes are approximated as;
Ωn = b
−1
c − i(n + 1/2)|λ|. (18)
The idea of considering the effective metric in nonlinear electrodynamics by obtaining
the absorption cross sections in the high frequency limit via the sinc approximation was
addressed in [11] in the study of Born-Infeld-de Sitter black holes.
V. EXAMPLES
We calculate the scattering differential and absorption sections for black holes in NLED
theory, considering the modification of the effective metric. Then, we analyze and compare
the differences with the case when the effective metric is not considered. Also the different
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sections of the black holes can be similar but not identical to the sections of Reissner-
Nordstro¨m (see appendix A).
A. Bardeen black hole
The Bardeen BH can be interpreted as a self-gravitating nonlinear magnetic monopole
[16] with mass M and magnetic charge qm = g, derived from Einstein gravity coupled to the
nonlinear Lagrangian
L(F ) =
6
sg2
(g2F/2)
5
4
(1 +
√
g2F/2)
5
2
, (19)
where s = |g|/2M . The solution for the coupled Einstein and NLED Lagrangian (19) for
a static spherically symmetric space is given by
f(r) = g(r) = 1− 2Mr
2
(r2 + g2)
3
2
. (20)
The solution (20) has horizons only if 2s = g/m ≤ 0.7698. The electromagnetic invariant
is F = 2g2/r4 and the Ge and Gm factors are given by
Ge = 1, Gm = 1− 4(6g
2 − r2)
8(r2 + g2)
. (21)
When we study instability, we find that the horizon radius, rc > rh. In [17] [18], absorp-
tion cross sections were studied for a massless scalar wave in Bardeen black hole , also in
[19], the cross section was computed.
We shall focus on the absorption and scattering cross section of the Bardeen black hole.
To carry out the study, we have used r → rM and g → 4M
3
√
3
g.
The classical scattering cross section of Bardeen is normalized by the classical scattering
section of Reissner-Nordstro¨m (see appendix A) black hole in order to study the effects of the
NLED because when dispersion sections of Bardeen have been studied, it has been observed
that the difference with the dispersion section from RN are minimal [19].
The figure 1 shows how the classical scattering cross section is modified when the
NLED effects are considered (in this sense, we mean to consider the effective metric of
null geodesics), even though the scattering is lower than RN, it increases for higher angles.
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FIG. 1: Behavior of classical scattering section of Bardeen for fixed values of parameters g = 0.5
and Mω = 2
In the case of the semiclassical approach, the behavior is shown in figure 2; while the
effect of the NLED is appreciable. Also, the difference between the scattering cross section
from Bardeen and RN is significant in this approach.
FIG. 2: Behavior of semiclassical scattering section of Bardeen for fixed values of parameters
g = 0.5 and Mω = 2
Finally, when we study the absorption section in the sinc approximation, it is possible to
observe how the effect of the NLED decreases the absorption section with respect to the one
obtained from RN, as can be appreciated in figure 3. In this case, the absorption section
from RN is highly similar to the Bardeen absorption section without NLED as reported in
[20].
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FIG. 3: Behavior of absorption section of Bardeen for fixed values of parameters g = 0.5 and
Mω = 2
B. Bronnikov black hole
The Lagrangian for the magnetic black holes of Bronnikov [21] is;
L(F ) = F sech2[a(F/2)1/4], (22)
where a is a constant. The metric function in the line element of the form (2) is
f(r) = g(r) = 1− g
3/2
ar
[
1− tanh
(
a
√
g
r
)]
, (23)
where the constant a is related to the mass m and the magnetic charge g by a = g3/2/(2M).
The solution corresponds to a BH if M/g > 0.96. The electromagnetic invariant is F =
2g2/r4. For a purely magnetic charge Ge = 1 and;
Gm =
g2 sinh2( g
2
2Mr
)
(
−2g2 + g2 cosh( g2
2Mr
)− 5Mr sinh( g2
2Mr
)
)
4Mr
(
−4Mr3 + g2 tanh( g2
2Mr
)
) (24)
To study the behavior of the scattering and absorption section of the black hole of Bron-
nikov, we consider r → rM and g → M
0.96
g, these sections are compared with RN.
From figure 4, it can be appreciated that the classical scattering section for Bronnikov is
greater when the effect of NLED is considered and both are highly similar to RN classical
scattering section.
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FIG. 4: Behavior of classical scattering section of Bronnikov for fixed values of parameters g = 0.5
and Mω = 2
In the case of the semiclassical approach, we observe that while both scattering sections
(considering NLED and not considering NLED ) are similar and very close, compared to
the scattering section of RN, there are differences, but their values are not very far from the
values of RN. This is shown in figure 5.
FIG. 5: Behavior of semiclassical scattering section of Bronnikov for fixed values of parameters
g = 0.5 and Mω = 2
For the Bronnikov absorption section (see figure 6) it is possible to observe that the case
of considering NLED is highly similar to the absorption section of RN while the values of
the absorption section without NLED are higher.
Comparing the scattering and absorption sections of the Bardeen black hole and the
sections from the Bronnikov black hole, we observe that the behavior is inverse, for example,
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FIG. 6: Behavior of absorption section of Bronnikov for fixed values of parameters g = 0.5 and
Mω = 2
in the case of the classical dispersion, the Bronnikov black hole with NLED is bigger than
the case of the Bardeen black hole with NLED. Although both black holes are regular, there
is no relation between the behavior of their sections.
It would be adequate to observe the behavior of a non-regular black hole to compare the
resulting sections with the ones obtained from regular black holes.
C. Euler-Heisenberg Black hole
The lagrangian for the magnetic black hole the Euler and Heisenberg, was obtained of the
effective action for electrodynamics due to one-loop quantum corrections [22], and is given
by ;
L(F ) = F (1− aF ), (25)
with a = he2/(360pi2m2e), where h, e, and me are the Planck constant, electron charge,
and electron mass respectively.
The corresponds metric elements in (2) given by;
f(r) = g(r) = 1− 2M
r
+
q2
r2
− 2
5
a
q4
r6
, (26)
where M is the mass parameter and q is the magnetic charge. One or two horizons may
occur: if (M/q)2 ≤ 24/25 a single horizon exists but for (M/q)2 > 24/25 a second and a
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third horizons occur. The electromagnetic invariant is F = 2q2/r4. The Ge and Gm factors
are;
Ge = 1, Gm =
(
1 +
8aq2
4aq2 − r4c
)
. (27)
As in the cases shown before, we consider the following r →Mr, a→ 8
27
q2 and q → 5M√
24
q,
then it is possible to obtain the classical scattering section, and it can be noted that in the
case of considering NLED the behavior remains near the RN black hole, but for extremal
angles important differences are observed, as can be noted in 7.
In comparison with the NLED case for the regular black holes shown before, the classical
scattering section for the Euler-Heisenberg is the one with less difference with respect to the
RN black hole while not considering extremal angles.
FIG. 7: Behavior of classical scattering section of Euler-Heisenberg for fixed values of parameters
q = 0.5, a = 0.8 and Mω = 2
Now, in 8, the behavior for semiclassical scattering section is shown. In this case the
semiclassical section with NLED shows greater differences than the case without NLED.
However, the case without NLED is closer to the RN black hole. The same behavior is
shown in the Bardeen black hole (see 2).
Finally, we studied the absorption section (see 9), when we consider the NLED case, the
behavior shows that differences are present in lesser scale than the regular Bardeen black
hole. However, in the Euler Heisenberg case, the absorption section is more similar to RN
than the Bardeen case.
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FIG. 8: Behavior of semiclassical scattering section of Euler-Heisenberg for fixed values of param-
eters q = 0.5, a = 0.8 and Mω = 2
FIG. 9: Behavior of absorption section of Euler-Heisenberg for fixed values of parameters q = 0.5,
a = 0.8 and Mω = 2
VI. CONCLUSIONS
In this work, it is firstly shown how the scattering and absorption sections are modified
by considering the effective metric generated by the action of NLED for null geodesics. In
particular, by considering the classical and semiclassical scattering, the effect from NLED is
reflected in the impact parameter b, which is modified in function of the electric and magnetic
factors from the effective metric (Ge and Gm respectively) as well as their derivatives.
In the absorption case, the sinc approximation is used, so that the absorption section is
given in function of the Lyapunov exponent and the impact parameter for a null circular
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unstable geodesic, which as discussed in [10], it was also modified by considering the effective
metric.
To show the effects of considering the modification of the impact parameter generated by
NLED, the scattering and absorption sections from two regular black holes and a non-regular
one were studied and analyzed.
The Bardeen and Bronnikov regular black holes were considered in order to study the
effects that the effective metric generates over the scattering and absorption sections. It
can be seen that in the case of classical and semiclassical scattering the one corresponding
to Bronnikov is greater than the one obtained from Bardeen, and it is closer to the RN
section. However, in the Bronnikov case the difference between the scattering sections with
and without NLED are minimal. When studying the absorption section, it is found that
in the Bronnikov case with NLED the difference with RN is minimal while for Bardeen the
difference is significative. This behavior is opposite to when NLED is not considered.
In the case of the Euler Heisenberg non regular black hole, the classical scattering section
under the effects of NLED is closer to the RN behavior than the other two black holes. By
using the semiclassical approximation, the effects due to NLED are notable. Finally, when
studying the sinc approximation for EH, it is possible to note that, unlike the regular black
holes, in this case, the absorption section is greater for the NLED case and it is farther from
the values obtained for RN absorption.
Appendix A: Reissner-Nordstro¨m
Authors have studied the scattering and absorption sections of Reissner-Nordstro¨m
[23][24] , a brief summary is presented.
The Reissner-Nordstro¨m black hole is the SSS solution to the action (1) with L = F ,
LF = 1 and LFF = 0 and then the nonlinear factors are Ge = 1 and Gm = 1. For the RN
black hole, the metric function in the line element (2) is given by
f(r) = g(r) = 1− 2M
r
+
Q2
r2
, (A1)
We analyse the scattering and absorption sections briefly using a dimensionless coordinate
r → rM and Q→ QM .
In the figure (10) the classical scattering is shown, we oberve intense oscillations in the
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near-backward scattering, rapidly growing flux amount and smoother oscillations for smaller
angles, and similar results for very small scattering angles.
FIG. 10: Behavior of classical scattering section RN for fixed values of parameters q = 0.5 and
Mω = 2
In the case of the semiclassical scattering section (see figure 11). In forward direction,
the scattering flux becomes stronger and the width of scattering cross sections becomes
narrower (as θ diminishes), consequence of the strong interference between rays passing by
the opposite sides of the BH.
FIG. 11: Behavior of semiclassical scattering section RN for fixed values of parameters q = 0.5 and
Mω = 2
The absorption section reaches a maximum value for small angles and decreases asymp-
totically as the value of the angles increases. This is shown in the figure (12).
15
FIG. 12: Behavior of absorption section of RN for fixed values of parameters q = 0.5 and Mω = 2
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